Abstract. Yu showed that every right (left) primitive factor ring of weakly right (left) duo rings is a division ring. It is not difficult to show that each weakly right (left) duo ring is abelian and has the classical right (left) quotient ring. In this note we first provide a left duo ring (but not weakly right duo) in spite of it being left Noetherian and local. Thus we observe conditions under which weakly one-sided duo rings may be two-sided. We prove that a weakly one-sided duo ring R is weakly duo under each of the following conditions: (1) R is semilocal with nil Jacobson radical; (2) R is locally finite. Based on the preceding case (1) we study a kind of composition length of a right or left Artinian weakly duo ring
Throughout this note each ring is associative with identity. A ring R is right (left) duo if every right (left) ideal of R is two-sided. Chatters and Xue [5] constructed a ring that is right duo but not left duo, in spite of it being Artinian. Courter proved that a right Artinian right duo ring R is left duo if and only if c( R R) = c(R R ), where c(M ) denotes the composition length of a module M ; and obtained as a corollary that a right duo ring is left duo when it is finite dimensional over a field [6, Theorem 2.2 and Corollary 2.3]. A ring R is weakly right (left) duo if for each a in R there exists a positive integer n = n(a), depending on a, such that a n R (Ra n ) is two-sided. A ring is a (weakly) duo ring if it is (weakly) left and right duo. A commutative ring and a direct product of division rings are clearly duo. Right (left) duo rings are obviously weakly right (left) duo but the converse does not hold in general by [12, Example 1] . As we shall see below weak duo-ness is not left-right symmetric; thus in this note we first study conditions under which weakly onesided duo rings may be two-sided. Next we also observe the connections between weakly right duo rings and related rings, constructing available examples.
Example 1.
There is a left duo ring that is not weakly right duo. Let S be the quotient field of the polynomial ring F [t] with an indeterminate t over a field F , and define a field monomorphism σ : S → S by σ(
g(t 2 ) . Next consider the skew power series ring S [[x; σ] ] by σ with an indeterminate x over S, say R, in which every element is of the form 
Therefore R is left duo (so weakly left duo).
The preceding example also demonstrates that the duo condition is not left-right symmetric.
A ring R is called right Ore if given a, b ∈ R with b regular (i.e., not a zero divisor) there exist a 1 , b 1 ∈ R with b 1 regular such that ab 1 = ba 1 . It is a well-known fact that R is a right Ore ring if and only if there exists the classical right quotient ring of R. Given a ring R the Jacobson radical of R is denoted by J(R). A ring R is right (left) quasi-duo if every maximal right (left) ideal of R is two-sided. A ring is quasi-duo ring if it is both left and right quasi-duo. A ring is abelian if every idempotent is central. In the following arguments we find conditions under which abelian right quasi-duo rings may be weakly duo. A ring R is semilocal if R/J(R) is semisimple Artinian. A ring R is von Neumann regular if for each a ∈ R there exist b ∈ R such that a = aba. A ring is reduced if it contains no nonzero nilpotent elements. Remark. (1) In the hypothesis of Theorem 3, the condition "semilocal" is not superfluous. The ring R in Example 4 below is an abelian right quasi-duo ring with J(R) nil; however R is not weakly right duo. But R/J(R) is isomorphic to a polynomial ring over a field whence R is not semilocal.
(2) In the hypothesis of Theorem 3, the condition "nil J(R)" is not superfluous. For, the ring R in Example 1 is quasi-duo by [12, Proposition 4] and abelian; but R is not weakly right duo such that J(R) = Rx is non-nil.
(3) In the conditions (2) and (3) of Theorem 3, the condition "abelian" is not superfluous as can be seen by the 2 by 2 upper triangular matrix ring over a division ring.
Recall that a ring R is right quasi-duo if and only if R/J(R) is right quasi-duo [12, Proposition 1] . So it is also natural to ask whether a ring R is weakly right duo when R is an abelian right quasi-duo ring such that J(R) is nil and R/J(R) is weakly right duo, based on Theorem 3. However the answer is negative by the following. 
is nil, and R/J(R) is isomorphic to S so it is clearly weakly right duo. However the right ideal f n R of R cannot contain the left ideal Rf n of R, using a computation similar to Example 1, where f = t 0 0 t and n is any positive integer. Actually 0
A ring R is strongly π-regular if for every a in R there exist a positive integer n, depending on a, and an element b in R satisfying a
It is obvious that a ring R is strongly π-regular if and only if R satisfies the descending chain condition on principal right ideals of the form aR ⊇ a 2 R ⊇ · · · , for every a in R. The strong π-regularity is leftright symmetric by Dischinger [7] ; hence one-sided perfect (so one-sided Artinian) rings are strongly π-regular.
Let R be a ring. According to Azumaya [1] , an element a ∈ R is called strongly π-regular if there exist positive integers m and n, depending on a, and b, c ∈ R such that a = · · · ; in this situation, n is called the π-index of a due to Tominaga [20] , write πi(a) for n. The supremum of all π-indices in R is called π-index of R also due to Tominaga [20] , write πi(R). It is showed by Dischinger [7] that a ring is strongly π-regular if and only if each element is strongly π-regular. Thus we can compute the πi(a) for any a ∈ R when a ring R is strongly π-regular.
The index (of nilpotency) of a nilpotent element x in a ring R is the least positive integer n such that x n = 0, write i(a) for n. The index (of nilpotency) of a subset I of R is the supremum of the indices (of nilpotency) of all nilpotent elements in I, write i(I). If such a supremum is finite, then I is said to be of bounded index (of nilpotency). ( 
R.
The proof of the left case is symmetric and thus we obtain a
(3) By the result (2), each one-sided ideal in S(R) is two-sided and then we obtain the condition (a) wc(R R ) = wc( R R). Next we apply the method of the proof of [6, Theorem 2.2] to prove the equivalences. Remark. (1) The converse of the second statement of Theorem 5 is not true in general by the following. Let R be the n by n matrix ring over a division ring with n ≥ 2, then R is semisimple Artinian with wc(R R ) = wc( R R) = n but R is not weakly right duo by Lemma 2.
( [19] , a ring R of finite rank is QF-3 if it has a unique (up to isomorphism) minimal faithful left R-module. It is well-known that the QF-3 condition is left-right symmetric. Given a ring R the right (left) annihilator in R is denoted by r R (−) (l R (−)).
Proposition 6. (1) A ring R is a semiperfect abelian ring if and only if R is a finite direct sum of local rings. (2) A ring R is a semiperfect weakly right duo ring if and only if R is a finite direct sum of local weakly right duo rings. (3) Let R be a right Artinian weakly right duo ring. If R is QF-3 and a ∈ R, then a πi(a)

R (= Ra πi(a)
) is both a right and a left annihilator in R.
Proof. (1) (⇒):
Since R is semiperfect, R has a finite orthogonal set of local idempotents whose sum is 1 by [15, Proposition 3.7.2], say R = n i=1 e i R such that each e i Re i is a local ring. Because R is abelian, they are central; hence e i R's are ideals of R and consequently each e i R = e i Re i is a local ring. (⇐): Note that 0 and 1 are all idempotents in a local ring (so local rings are abelian), and that local rings are semiperfect. Thus R is abelian and semiperfect when it is a finite direct sum of local rings.
(2) It is easily checked that every homomorphic image of a weakly right duo ring is weakly right duo, and direct sums of weakly right duo rings are weakly right duo. By Lemma 2(3) weakly right duo rings are abelian, so we obtain the proof by the result (1).
(3) Suppose that R is a right Artinian weakly right duo ring. By Lemma 2(3) and the result (1), we put R = n i=1 e i R such that {e 1 , . . . , e n } is a finite orthogonal set of local idempotents whose sum is 1. Every e i R is also right Artinian obviously. It is well-known that R is QF-3 if and only if the injective hull of R R is projective, so every e i R is also QF-3 since e i RR = e i R( n j=1 e j R) = e i Re i R. It is also wellknown that a ring is QF-3 if and only if it contains a faithful injective left ideal; but e i R is local and so e i R must be injective since e i is the only nonzero idempotent, i.e., e i R is right self-injective. Consequently e i R is a quasi-Frobenius ring and so is R. By Theorem 5(2) we have a
) since R is quasi-Frobenius.
Example 7.
(1) The result (2) in Proposition 6 does not apply to quasi-duo rings by the 2 by 2 upper triangular matrix ring over a division ring.
(2) There is an Artinian weakly duo ring R such that R is not QF-3 and Rx
is neither a left nor a right annihilator in R for some x ∈ R.
Let R be the subring 
a contradiction; hence R is not QF-3. In fact Rx = RxR = xR. Thus πi(x) = 1 and Rx
is neither a left nor a right annihilator in R.
Next we study some special conditions under which the above concepts coincide, concerning the primitivity of polynomial rings over division rings. Due to Jacobson [14] , a ring is called strongly right (left) bounded if every nonzero right (left) ideal contains a nonzero ideal and a ring is called right (left) bounded if every essential right (left) ideal contains a nonzero ideal. It is obvious that right duo rings are strongly right bounded and strongly right bounded rings are right bounded. A ring R is right Ore if given a, b ∈ R with b regular there exist a 1 , b 1 ∈ R with b 1 regular such that ab 1 = ba 1 , and the left case can be defined analogously. A ring is Ore if it is both right and left Ore. In the following we obtain equivalence relations between weakly duo-ness of a kind of polynomial ring and related conditions.
Proposition 8. Let D be a division ring such that the center F of D is algebraically closed. Then the following conditions are equivalent:
( 
by [18, Corollary 1.7.20] .
A ring R is π-regular if for each a ∈ R there exists a positive integer n, depending on a, and b ∈ R such that a n = a Proof. It suffices to show (1)⇒(2). Since R is semiprimitive right quasi-duo, R is reduced by [22, Lemma 2.3] and so [4, Theorem 8] implies that every prime ideal of R is maximal. Thus every prime factor ring of R is simple (so primitive); hence every prime factor ring of R is a division ring by [12, Proposition 1] . Consequently every prime ideal of R is completely prime (i.e., every prime factor ring of R is a domain) and so [8, Theorem 1.21] implies that R is von Neumann regular. Therefore R is strongly regular since it is reduced.
Remark. By [10, Theorem 7] , a ring R is right (or left) weakly π-regular if and only if R is strongly π-regular if and only if R is π-regular when R is right quasi-duo. But the semiprimitivity of the hypothesis is essential for the conditions (2) and (3) We use N (R) to denote the set of all nilpotent elements in a ring R. 
) R/J(R) is a strongly regular ring with nil J(R).
A ring R is called locally finite if every finite subset of R generates a finite multiplicative semigroup of R. Finite rings are clearly locally finite. An algebraic closure of a finite field is locally finite but not finite. Notice that every locally finite ring R is strongly π-regular by the proof of [13, Proposition 16] Proof. Finite rings are Artinian (so semiperfect), hence we get the corollary by Propositions 6 and 15.
Quasi-duo rings need not be a condition of Corollary 16, considering the 2 by 2 upper triangular matrix ring over a finite field.
